§1. Introduction
The present paper is devoted to constructing eigenfunction expansions associated with the Schrodinger operator in the distribution sense and construct a measure dp on J2 = {(^, a)} such that the operator 9" defined by (37) (*,«) = has the following properties:
(1) £F is unitary from L 2 (R n ; dx) onto L 2 (ti; dp).
(2) (3?(Hfy) (Z, a) = 1(3; f) (X, a).
General frameworks for formulating eigenfunction expansions have been proposed by several authors, for example by Gel'fand et al. [2] , [3] , which can be applied to the Schrodinger operator L with smooth potential V in a certain large class. They have not specified the eigenfunctions needed for expansions in terms of a conditions (depending on a) under which each of them is the unique solution of (1.2) . In addition, their measure dp is devided from the spectral resolution associated with H so that it is less explicit.
Another approach is of a parturbation theoretic charactor, in which one can adopt as the measure dp the same one as that of L with F=0. Assume that (1.3) V(x) = 0(\x\-8 ) as |*| -»oo .
The eigenfunction expansions in this sense are obtained by Ikebe [5] in the case of d>2 and n = 3, by Thoe [17] and Kuroda [13] in the case of $>(7i+l)/2.
(Of cause, all of them allow local singularities in their respective sense. But we will not enter this point into details.) Put 0 1 (*,0 = ( , 1= |C| 2 and dp = d£ the ordinary Lebesque measure. Moreover the limiting absorption principle cited above shows that these eigenfunctions are the unique solutions of (1.2) under the condition ' for sufficiently small e>0.
In the case of fl>l in (1.3), Agmon [1] gives the eigenfunctions, which seems to satisfy merely a weaker version of condition (1.5) (cf. (5.17) of [1] ). Recently, Pinchuk [14] have obtained the eigenfunctions satisfying a modified virsion of the condition (1.5) under the assumptions that n = 3 and V can be decomposed as V=Vi J r V 2 such that (1.6) for 5> 1 and £'>2, where A is the Laplace-Beltrami operator on the unit sphere S"-1 in R*.
On the other hand, Kato and Kuroda [12] have pointed out the eigenfunction expansion theorem for £> 1 in (1.3), where eigenfunctions are given by (1.4) with 0i(;c;C) replaced by the spherical waves, which will be defined by (3.3.1).
The aim of this paper is to obtain the eigenfunction expansion whose each eigenfunction satisfies a modified virsion of (1.5), i.e. (4.1.3), with <t>i(x;£) replaced by the spherical waves under the condition that <5> 1/2 and <5'> 1 in (1.6) without the condition on A V±. Our plan of this paper is as follows. In Section 2, we shall sketch an abstract method, most part of which we owe to Isozaki [10] . He extended Ikebe's work in [6] to a fashion to be applicable to the longrange potentials and used it to construct the wave operators. In Section 3, we shall check up that the abstract theory given in Section 2 is applicable to the Schrodinger operators. In Section 4, we shall introduce a modified virsion of condition (1.3) and show that the equation (1.2) has the unique solution satisfying this condition and totality of such unique solutions gives eigenfunction expansion theorem. In Section 5, we shall prove two lemmas which will be used in Secticn4.
As to the eigenfunction expansion associated with the Schrodinger operator with long-range potentials we should mention to the work by Ikebe [7] , [8] and Saito [15] , [16] .
In conclusion, the writer wishes to express his sincere gratitude to Professor T. Ikebe With the aid of this assumption we define (1) Vt,(X)* = VftX). Here and in the sequel j, A; =1,2 andj^k. For the proof of this theorem, see [10] .
2.3. We assume that the eigenfunction expansion on e associated with H± is guaranteed in the following sense. ( 1 ) There are a a-finite measure space (<0, 2, dp), a partial isometry SF l from M onto L£Q>dp) with initial set E^M, and a measurable function co: Q -» e such that ( and Next, let f(X) be an c^+-valued bounded continuous function defined on e 9 and approximate it by step functions f m (X) such that f m (X) -*f(X) in M+ for each X. Then, using (2.3.7) it is easy to see that (0) shows (2.3.8).
Q.E.D.
This lemma shows that the functions 0* obtained above can be regarded as eigenfunctions in a certain sense. 0^((0, oo)) = j-li is well defined and Theorem 2.2.4 holds with e = (0 3 oo). Moreover, assume that Assumption 2.3.1 holds with e = (0, oo). Then Theorem 2.3.2 also holds with e = (0, oo). Indeed, put @ n = o)~l(e n ) and J n be the operator on L 2 ($, dp) such that (6) } be a system of («-l)-dimensional spherical harmonics which forms a complete orthonormal systems in L^S"" 1 ). Here / = 0,1,25-" and m runs over a finite set which depends on n and /. The function Y lm (6) is an eigenfunction of the Laplace-Beltrami operator A on the unit sphere S n~l belonging to the eigenvalue -l(l+n-2). We put Let Q and dp be the same as those in Section 3.3. Define
for f^L 2 (R n ), where l.i.m. means the limit in L 2 (Q,dp). Then £Ff is a unitary operator from L 2 (R n ) onto L 2 (Q,dp) and it holds that (4.1.5)
for anyf^L 2 
(R n ) and any Borel set Jd(0, oo).
Proof, Let w be the difference of two solutions of the equation (4.1.1) satisfying the condition (4.1.3). Then it is a solution of the same equation satisfying the condition (4.1.3) with u replaced by w. Therefore w = Q by virtue of Lemma 1.9 (ii) of Ikebe and Saito [9] , which proves the uniqueness. 4) is well defined and this £Ff has the properties stated in the present theorem.
In conclusion, we will complete the proof of the present theorem if we show the following lemma. for any ^eCJT, which implies (4.2.5) for #>0. Let & j 0 in the above equation to obtain (4.2.6) for ju = Q. Thus we have the assertion (2) . A direct computation shows that Q.E.D.
If /is in jL 2 ,(i+ s )/25 then the limiting absorption principle (Theorem 1.4 of [9] ) shows that u(ju) converges to some u in I> 2 ,-(n-e)/2j which coincides with u(0) by virtue of (1) of Lemma 4.2.1 and it satisfies (4.1.3) with upper sign. But in our case /^L 2> ( 1+s )/ 2 in general so that we must follow the calculations in [9] step by step.
4.3.
We put E r ={x',\x\*zr}. The following two lemmas will be shown in the next section. The following lemma is essentially Lemma 1.11 of [9] so we omit the proof. Q.E.D.
